Metasurface, a kind of two-dimensional structured medium, represents a novel platform to manipulate the propagation of light at subwavelength scale. In linear optical regime, many interesting topics such as planar metalens, metasurface optical holography and so on have been widely investigated. Recently, metasurfaces go into nonlinear optical regime. While it is recognized that the local symmetry of the metaatoms plays vital roles, its relationship with global symmetry of the nonlinear metasurfaces remains elusive. According to the Penrose tiling and the newly proposed hexagonal quasicrystalline tiling, here we designed and fabricated the nonlinear optical quasicrystal metasurfaces based on the geometric phase controlled plasmonic meta-atoms with local rotational symmetry. The second harmonic waves will be determined by both the tiling schemes of quasicrystal metasurfaces and the local symmetry of meta-atoms they consist of. The proposed concept opens new routes for designing nonlinear metasurface crystals with desired optical functionalities. processes. There has also been strong interests to locally control the phase of nonlinear waves by using electric polling method, but only until recently, they can be 3 continuously manipulated with the help of nonlinear geometric P-B phase of metaatoms [28, 35]. Apart from this, the nonlinear polarizations can also be well controlled by the local symmetry of meta-atom and the polarization of fundamental wave (FW).
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It has been verified that nonlinear optical metasurfaces has many applications in fields such as imaging, optical encryption and holography and so on [28] . Now it is timely to pay more attentions to the relationship between local and global symmetries of metasurfaces, which may introduce new degrees of freedom to control the nonlinear optical radiation. As we all know, as an ordered state of matter lack of periodicity, quasicrystal has revealed rich physics and has gained great success especially after the discovery of natural quasicrystal [21] [22] [23] [24] . As shown in Fig. 1 , we take the advantages of both the nonlinear P-B phase controlled meta-atoms and various quasicrystal tiling schemes to construct the nonlinear optical quasicrystal metasurface (NOQCM). A family of meta-atoms enabled by nonlinear geometric P-B phase can be assembled together to form the NOQCM, of which the nonlinear radiation including SHG, THG, and FWM is governed by both local and global symmetries of the meta-atoms. In comparison, the local symmetry in the nonlinear photonic quasicrystal is quite difficult be engineered at will [39] .
Without lack of generalization, we designed NOQCM samples according to the famous Penrose tiling, and the newly proposed hexagonal quasicrystalline (HQC) tiling [40] . Compared to the extensively investigated Penrose structures, the HQC metasurface we designed is the first experimental demonstration of its kind. The measured SHG from the metasurfaces show strong spin-dependent optical properties, while the diffraction patterns reveal the unique rotational symmetries of both the meta-atoms and the quasiperiodic crystal they form. We believe that the novel nonlinear optical quasicrystal metasurfaces provide a novel platform for studying the 4 rich physics of nonlinear optics, quasicrystalline ordered state, and topological photonics and so on.
According to the crystallographic restriction theorem, the possible rotational symmetry of a crystal is strictly limited to two-, three-, four-and six-fold. The discovery of ten-fold X-ray diffraction pattern in 1982 and the subsequent introduction of the concept of quasicrystal completely revolutionizes the definition of crystal [21] [22] [23] [24] . Since then quite a lot of quasicrystal designs were proposed and experimentally demonstrated. In Penrose tiling scheme [ Fig. 1(c) ] hides the gold mean ratio (1 5) / 2  , which is closely related to the Fibonacci sequence generated by a simple substitution rule. The generalized substitution rule also leads to other metallic mean ratios associated to different quasicrystal tiling accordingly [41] . The second-order substitution rule gives the silver mean, and the corresponding tiling has an eight-fold rotational symmetry. As is shown in Fig. 1(d-e) and Fig. S1 , the thirdorder tiling corresponds to the bronze-mean and has a six-fold rotational symmetry which usually happens in conventional crystal based on the crystallographic restriction theorem.
The nonlinear meta-atoms used to construct the NOQCM is a gold nanostructure with three-fold (C3) rotational symmetry. As the inversion symmetry is broken in the C3 meta-atom, SHG is allowed and could be greatly enhanced when the localized plasmon resonance of the fundamental wave (FW) is excited. From the symmetry selection rule of nonlinear harmonic generations, it is known that the local rotational symmetry of the meta-atom selectively allows certain order of harmonic generation under normal incidence of the FW. For example, the plasmonic meta-atoms with C3
rotational symmetry emit circularly polarized SHG wave that has handiness opposite to that of the FW. More interestingly, a nonlinear optical P-B phase 3 of the C3 5 meta-atom is introduced to the effective second-order susceptibility (2)  , where  is the in-plane orientation angle of the meta-atom; 1   represents the left-and rightcircular polarizations (LCP and RCP) of the FW, respectively.
The quasicrystal metasurfaces can be artificially decorated using nonlinear optical meta-atoms with various local symmetries. In the Penrose case, we set the side length of the rhombuses tiles as 800 nm and allocate the C3 gold meta-atoms at each lattice point with unidirectional orientation [ Fig. 1(a) ]. In HQC case, there are four kinds of quasicrystal lattice in general [41] , corresponding to two distinct assembly rules applied to two different basic dodecagons [ Fig. S1 ]. Among these four types of quasicrystal lattice, only one possesses the self-similarity. The four kinds of lattice can be divided into sparse and dense versions ascribed to the assembly rules they obey.
The elements of HQC are three tiles, small and large equal-lateral triangles (ST and LT), and rectangles. In our design, the side length of the small triangles is set as 800 nm, and the side length of the large triangles can be derived from the self-similarity condition of the subdivision process [41] . The small and large triangles in the HQC tiling provide great convenience to arrange the C3 meta-atoms. We can arrange the meta-atoms at the center of each triangle and align their arms in two ways: one has broken inversion symmetry [ Fig 
